The decoupling properties of the Higgs sector in the Minimal Supersymmetric Standard Model (MSSM) imply that a light CP-even Higgs boson discovered at the Tevatron or LHC may closely resemble the Standard Model (SM) Higgs boson. In this paper, we investigate how precision measurements of Higgs properties at a Linear Collider (LC) can distinguish between a CP-even Higgs boson of the MSSM and the SM Higgs boson. We review the expected theoretical behavior of the partial widths and branching ratios for decays of the neutral MSSM Higgs bosons with significant couplings to the W and Z bosons, including the leading radiative corrections to the mixing angle α and tan β-enhanced vertex corrections.
Introduction
The radiative corrections to Higgs boson masses and couplings in the minimal supersymmetric extension of the Standard Model (MSSM) have been investigated thoroughly using different theoretical approaches.
Derived quantities such as Higgs boson production cross sections, partial widths and branching ratios (BRs) are predicted to a high level of precision for any given set of MSSM parameters. While at least one of the neutral Higgs bosons of the MSSM has a coupling to W and Z bosons similar in magnitude to a Standard Model (SM) Higgs boson, some of its properties can differ from those of the SM Higgs boson of the same mass. Nevertheless, over a significant region of parameter space, the deviation of the couplings of this SM-like 1 Higgs boson from the corresponding couplings of the SM Higgs boson is small and approaches zero in the so-called "decoupling limit" of the model [1] .
Experiments at the Fermilab Tevatron [2] and CERN LHC [3] will be sensitive to the Higgs bosons of the SM and MSSM. The Tevatron can discover a SM-like Higgs boson for most choices of MSSM parameters if enough data can be accumulated, the detectors perform as expected, and systematic errors are demonstrably small. The LHC can discover at least one MSSM Higgs boson over all of the MSSM parameter space [3] , and several Higgs bosons are likely to be discovered in a significant region of the indicate whether any additional Higgs structure exists. Of course, the MSSM also contains supersymmetric particles, which can be discovered at the Tevatron and/or the LHC. However, these particles can be heavy, so that only a part of the spectrum may ultimately be observable at the LHC, or the interpretation of the data as SUSY particle production may be ambiguous. Hence, precision measurements of the properties of the Higgs sector can provide crucial supporting evidence for the MSSM. In this study, we explore the potential of a future e + e − linear collider (LC) to explore the MSSM Higgs sector in regions of MSSM parameter space with very different behaviors.
If a Higgs boson couples to Z bosons with SM-like strength, then its mass can be determined to high precision at the LC through measurements of the recoil mass spectrum against a Z boson. With 500 fb −1 1 In this paper, a SM-like Higgs boson always refers to the neutral Higgs boson of the MSSM with g 2 The absence of a Higgs boson discovery at LEP implies that the range 0.5 < tan β < 2.4 is excluded at 95% confidence level [4] .
of data at √ s = 350 GeV, a precision of 40-90 MeV can be achieved for Higgs masses between 120 and 180 GeV [6, 7] . With the mass of the Higgs boson so constrained, the theoretical predictions for many of the Higgs branching ratios and partial widths (i.e., the Higgs couplings) will be known to great accuracy.
As a result, precision experimental measurements of Higgs branching ratios and partial widths may allow one to discriminate between the SM and new physics of electroweak symmetry breaking. A number of recent studies have evaluated how precisely the branching ratios and couplings of the SM Higgs boson can be measured at the LC [7] [8] [9] [10] [11] [12] [13] . In this paper, we exploit the results of these studies to examine the potential of Higgs boson BR and partial width measurements at the LC to distinguish the SM-like Higgs boson of the MSSM from the SM Higgs boson. We focus on choices of MSSM parameters that exhibit a significant variation in the approach to the decoupling limit. This allows us to identify parameter regions where hadron collider measurements will most likely not be able to distinguish a MSSM from the SM Higgs boson, and LC measurements can be essential for this purpose. In addition, one new observation is that there are regions where decoupling occurs at fairly low values of m A so that precision measurements will not be able to reveal much about the MSSM parameter space structure. In such cases, direct measurements of the properties of the heavier Higgs bosons will be necessary to elucidate the true nature of the Higgs sector.
Even if the existence of a MSSM Higgs boson is established, it may be challenging to extract the underlying MSSM parameters [14] . Nevertheless, in some regions of MSSM parameter space, we demonstrate that the SUSY vertex corrections to the Higgs boson couplings to bottom quark and tau pairs can be extracted from branching ratio and Higgs coupling measurements. 3 This paper is organized as follows. In Sec. 2, we outline the features of the MSSM Higgs sector relevant for our analysis. In particular, we review and expand on the details of the radiative corrections that to bottom quark pairs, ∆ b , can be extracted from Higgs measurements. In Sec. 4 and 5 we also evaluate the impact of the theoretical uncertainties on our analysis. Finally, Sec. 6 contains our conclusions. Some preliminary results of this work were presented in Ref. [17] .
The MSSM Higgs sector
In this section, we review those properties of the MSSM Higgs sector relevant to our analysis. At tree level, the masses and couplings of the MSSM Higgs bosons are determined by two parameters, which are conveniently chosen to be the mass of the CP-odd Higgs boson, m A , and the ratio of the vacuum expectation values of the two neutral Higgs fields, tan β. Radiative corrections to the MSSM Higgs sector introduce significant dependence on other MSSM parameters (for a review see Ref. [2] ). These radiative corrections have been analyzed extensively in the literature [2, .
The two main sources of radiative corrections to the couplings of the MSSM Higgs bosons are: (i) the radiative corrections to the Higgs squared-mass matrix , which give rise to corrections to an effective CP-even Higgs mixing angle α, and (ii) vertex corrections to the Higgs-fermion Yukawa couplings [27, [39] [40] [41] [42] [43] [44] [45] .
In this paper we examine the effects of these two types of corrections in the CP-conserving MSSM. 4 The squared-mass matrix for the CP-even neutral MSSM Higgs bosons h and H (where m h < m H ) is given by:
where δM 2 is a consequence of the radiative corrections. At tree level, one obtains
Such a light h is essentially ruled out by searches at LEP2. 5 However, once radiative corrections to the squared-mass matrix are included, the theoretical upper bound on m h is raised substantially. For a fixed value of tan β and a specified set of MSSM parameters, m h grows with increasing m A and reaches an asymptotic value m max h (tan β) in the limit of large m A . If tan β is now allowed to vary (while holding all other free parameters fixed), m max h (tan β) increases with tan β and typically 6 reaches an asymptotic value m max 4 The MSSM Higgs sector automatically conserves CP at tree-level, although non-trivial CP-violating effects can enter at one-loop (due to complex MSSM parameters) and be phenomenologically significant [46, 47] . In this paper, we assume that the one-loop CP-violating effects are absent. The CP-violating case will be addressed elsewhere. 5 The current MSSM Higgs mass limits are m h > 91.0 GeV and mA > 91.9 GeV [4] . 6 In some regions of MSSM parameter space at large tan β, radiative corrections to the Higgs-bottom quark Yukawa coupling can yield large negative loop corrections to m max h (tan β), so that the latter begins to decrease for tan β > ∼ 10.
rule [48, 49] 
In particular, combining this sum rule with the large tan β behavior of the 
where s α ≡ sin α and c α ≡ cos α.
). At tree level (see Eq. 2.1), M 2 12 is small for small m A and/or large tan β, but it cannot vanish. This is no longer true after including radiative corrections, which can be of the same order as the tree level value for small values of m A and large tan β. In particular, the radiatively-corrected value of M 2 12 exhibits a widely varying behavior as a function of the MSSM parameters. The radiative corrections to M 2 , including dominant corrections coming from the one-loop top and bottom quark and top and bottom squark contributions plus the two-loop leading logarithmic contributions, are given to
where s β ≡ sin β, c β ≡ cos β, and the coefficients c ij are: ) is the average squared top squark mass. 7 The δM 2 ij also depend on the MSSM parameters A t , A b and µ that enter the off-diagonal top-squark and bottom-squark squared-mass matrices. We employ the following notation: 
The dominant contributions to ∆ b are tan β-enhanced, with ∆ b ≃ (∆h b /h b ) tan β; for tan β ≫ 1, δh b /h b provides a small correction to ∆ b . In the same limit, ∆ t ≃ δh t /h t , with the additional contribution of (∆h t /h t ) cot β providing a small correction. 9 Explicitly, one finds that for tan β ≫ 1 [27, 40, 41] ∆ b ≃ 2α s 3π µMg I(M vertex corrections enter indirectly as two-loop effects in the Higgs squared-mass matrix elements via the dependence on h t and h b .
We have noted earlier that in the decoupling limit sin(β − α) = 1 [or equivalently cos(β − α) = 0], in which case the couplings of h are identical to those of the SM Higgs boson. This limit is achieved when m A ≫ m Z . This behavior, which is easy to verify for the tree-level expressions, continues to hold when radiative corrections are included. However, the onset of decoupling can be significantly affected by the radiative corrections, as we now discuss. From Eq. 2.3, one easily obtains: Note that Eq. 2.14 is independent of the value of m A . For a typical choice of MSSM parameters, Eq. 2.14 yields a solution at large tan β-by approximating tan 2β ≃ − sin 2β ≃ −2/ tan β, one can determine the value of β at which the decoupling occurs:
The explicit expressions for δM 2 ij quoted in Eq. 2.4 confirm that the assumption of tan β ≫ 1 used to derive this result is a consistent approximation because δM 2 12 is typically small. We conclude that for the value of tan β specified in Eq. 2.15, cos(β − α) = 0 independently of the value of m A . We shall refer to this phenomenon as m A -independent decoupling. From Eq. 2.4, it follows that explicit solutions to Eq. 2.14 depend on ratios of SUSY parameters and so are insensitive to the overall SUSY mass scale, modulo a mild logarithmic dependence on M S /m t .
10 Eq. 2.14 is equivalent to the condition c = 0 [see Eqs. 2.12 and 2.13].
The introduction of the radiatively-corrected value for the CP-even Higgs mixing angle α affects the MSSM Higgs boson couplings to all down-type fermions (and likewise to all up-type fermions) in the same way. In particular, 15, 16, 43, 51] . However, the Yukawa vertex corrections enter directly in the couplings of fermions to the Higgs bosons. These corrections can be understood as a modification of the relation between the fermion Yukawa coupling and its mass, as exhibited in Eqs. 2.7-2.8. After including the dominant corrections, the CP-even Higgs boson couplings to b and τ are modified relative to the SM coupling, g h SM f f = gm f /2m W , as follows [43] : 17) where α 2 ≡ g 2 /4π and α 1 ≡ g ′2 /4π are the electroweak gauge couplings. Since corrections to h τ are proportional to α 1 and α 2 , we expect |∆ τ | ≪ |∆ b |. Nevertheless, we shall formally keep the ∆ τ corrections in our analysis, although they will have negligible effect in our numerical results.
To see how the decoupling limit is achieved for the hbb (and hτ τ ) couplings, note that we can write:
Working to first order in cos(β − α), and using 12 19) it follows that 
But, for large tan β, it is possible to have tan β sin(β − α) ∼ O(1) even in the limit of small sin(β − α).
Working to first order in sin(β − α) and using 22) it follows that
Note that if |(tan β + cot β) sin(β − α)| ≪ 1, then the Hbb coupling approaches the Standard Model value, even when the Yukawa vertex corrections are included.
We next consider the CP-even Higgs boson couplings to top quark pairs. The analysis is similar to the one given above, and one obtains 2.19] , it follows that the SUSY vertex corrections to g htt and g hcc are suppressed in the decoupling limit (with no enhancement in the limit of large tan β), and so g htt and g hcc approach their Standard Model values. In the opposite limit in which sin(β − α) is close to zero, we 
Note that dependence on the CP-even Higgs mixing angle has conveniently canceled out. At large tan β, one can to first approximation keep only those terms that are tan β-enhanced at one loop. We then obtain:
where the last step follows if |∆ τ | ≪ 1 (we have already noted that |∆ τ | ≪ |∆ b |). Eq. 2.26 and the analogous result in which the Higgs couplings to top quarks are replaced by the corresponding couplings to charm quarks will be used in Sec. 5 when we discuss the extraction of ∆ b from Higgs coupling measurements.
Behavior of Higgs decay observables
In this section, we examine in detail the behavior of the MSSM Higgs boson partial widths. In order to present quantitative results, we consider three "benchmark" scenarios for the MSSM parameters that lead to very different behaviors of the SM-like Higgs boson of the MSSM. Our three benchmark scenarios, summarized in Table 1 , correspond approximately to those discussed in Ref. [31] . All MSSM parameters are specified at the electroweak scale. The three benchmark scenarios have the following properties:
No-mixing scenario: The top squark mixing angle θt is zero. This scenario yields the lowest value of m max h (tan β) for given values of tan β and M S . For simplicity, we define the scenarios in terms of M SUSY ≡ MQ = MŨ = MD, where the latter are third generation squark mass parameters. For
Here we have chosen a large value for M SUSY = 1.5 TeV in order to obtain a sufficiently large value of m max h (tan β), comparable to that obtained in the other two scenarios (the case of M SUSY = 1 TeV is at the edge of the region excluded by LEP2).
Maximal-mixing scenario:
The top squark mixing is chosen to give the maximal value of m max h (tan β) for given values of tan β and M S .
Large µ and A t scenario: Large radiative corrections occur to both α and ∆ b . In particular, M 2 12 can exhibit extreme variations in magnitude depending on the sign of A t µ and the magnitude of A t .
The two possible sign combinations for A t and µ (for a fixed sign of A t µ) yield small differences in
Large µ and A t ±1.2 ∓1.2(1 + cot β) 0 1 0.5 119 Table 1 : MSSM parameters for our benchmark scenarios, and the derived maximal mass for the SM-like Higgs boson.
M 2 12 through the dependence of h t and h b on ∆ t and ∆ b , respectively. The vertex correction ∆ b is dominated by the bottom squark-gluino contribution, which can enhance or suppress the Yukawa coupling h b for negative or positive µ, respectively. In the following we choose A t µ < 0 and consider the two possible sign combinations for A t and µ. 13 To be conservative, we have chosen relatively large values for the SUSY breaking parameters, on the order of 1 TeV, so that some supersymmetric particles may not be kinematically accessible at the LC. 
and analogously for the branching ratios, δBR = |BR MSSM − BR SM |/BR SM . This allows us to demonstrate which Higgs decay quantities are the most sensitive to the non-standard nature of the Higgs boson. Later, we will combine these individual deviations into a χ 2 variable to improve the experimental sensitivity.
In the next section, we discuss the expected behavior of the Higgs BRs and partial widths in the MSSM, with particular emphasis on the approach to the decoupling limit [1] . In general, the couplings of the SM-like Higgs boson of the MSSM deviate from those of the SM Higgs boson of the same mass, except in the decoupling limit.
Theoretical Expectations for Direct Higgs Couplings
Consider first the couplings of the lightest CP-even Higgs boson h to vector bosons (V = W or Z). The corresponding tree-level squared-coupling normalized to the SM value is:
To a good approximation, the most important radiative correction to this result can be incorporated by replacing the tree-level value of α by its radiatively-corrected value [obtained in Eq. 2.3]. In the decoupling limit, cos(β − α) is given by Eq. 2.12. It then follows that
At large tan β, the approach to decoupling is even faster, since sin 4β ≃ −4 cot β further suppresses the deviation of the partial width δΓ(
Contours of δΓ(W ) for the maximal-mixing and large A t and µ scenarios are shown in the upper left panels of Fig. 1 and Fig. 2 . The behavior in the no-mixing scenario is quite similar, and is therefore not shown here explicitly.
We next consider the couplings of h to up-type fermions. At tree-level, we may write (using third-family notation): 4) where the couplings are expressed in terms of sin(β − α) and cos(β − α) in order to better illustrate the decoupling behavior. Based on the discussion following Eq. 
At large tan β, the approach to decoupling is faster due to the additional suppression factor of cot 2 β as in the case of the hV V coupling. 
The approach to decoupling is again slower as compared to g hV V . However, in contrast to the previous two cases, there is no suppression at large tan β. In fact, since ∆ b ∝ tan β, the approach to decoupling is further delayed, unless c ≃ 0. Thus, we expect the greatest deviation from the SM in δΓ(b) and δΓ(τ ), and this is confirmed in the lower panels of Figs. 1 and 2. As before, the behavior in the no-mixing scenario is quite similar to that of the maximal-mixing scenario and is not shown here. There is a small difference in the behavior of δΓ(b) with respect to δΓ(τ ) at large tan β due to the effect of ∆ b , as discussed in Sec. 2.
Note that in the large A t and µ scenario, Fig. 2 exhibits the m A -independent decoupling phenomenon, corresponding to the case where c ≃ 0. 15 If the MSSM parameters are such that the m A -independent decoupling is realized, then the experimental sensitivity to m A is greatly compromised. The value of tan β at which this decoupling occurs [Eq. 2.15] depends slightly on the two possible sign choices for µ and A t (for a fixed value of µA t ) through the dependence of δM 2 ij on h t and h b (which depend on ∆ t and ∆ b , respectively).
So far, we have discussed the sensitivity of the Higgs couplings to the MSSM parameters. However, experiments at the LC will also measure the Higgs branching ratios. Since h → bb is the dominant decay mode of a Higgs boson lighter than about 135 GeV (unless the hbb coupling is anomalously suppressed), Γ(b) dominates the total Higgs width. Thus, BR(b) is not as sensitive to deviations of Γ(b) from its SM value as the BRs for other decay modes. In particular, since Γ(W ) quickly approaches its SM value, δBR(W ) ≃ δΓ tot almost independently of the value of tan β. This is illustrated in Fig. 3 for the case of maximal-mixing, and it is generically true in the other benchmark scenarios.
Loop induced couplings
The decay modes h → gg and h → γγ proceed only at the loop level. In the MSSM, SUSY particles and additional Higgs bosons also run in the loops. Thus the deviations of Γ(g) and Γ(γ) from their SM values depend not only on deviations in the fermion and W pair couplings to h but also on SUSY loop contributions. Γ(g) depends mainly on the t quark loop, which has a SM-like coupling for large m A except 15 In principle, this phenomenon could also occur in the case of no-mixing or maximal-mixing. However, in these cases, since δM 2 12 is quite small, the value of tan β one obtains from Eq. 2.15 would be so large (way beyond what is plotted in Fig. 1 and Fig. 2) , that the mA-independent decoupling takes place in a tan β region that is no longer theoretically meaningful. For the loop-induced Higgs couplings, there are two separate decoupling limits of relevance. In the first decoupling limit, discussed often in this paper, the non-zero tree-level Higgs couplings approach their SM values for m A ≫ m Z . 16 The second decoupling limit applies to loop-induced Higgs couplings in the limit of large SUSY particle masses. In this limit, the effects of the SUSY-loops decouple, and the loopinduced Higgs couplings are determined by loops of SM particles. If we now take m A ≫ m Z so that the Higgs couplings to SM particles approach their SM limits, then the resulting loop-induced Higgs coupling should likewise approach its SM limit. However, suppose that m A ≫ m Z but the masses of some of the SUSY particles that contribute to the loop-induced Higgs couplings are not too large. In this case, the resulting loop-induced Higgs couplings will deviate from the corresponding SM values due to the SUSY loop contributions, which can be a sizable fraction of the SM loop contributions.
In the decay h → gg, the bottom and charm quark contributions destructively interfere with the top quark contribution, reducing the SM amplitude by several percent. Additional deviations arise from squark contributions. The top squark couplings to h are
where g D arises from the so-called D-term contribution to the scalar potential. 17 In addition, the minus (plus) sign in Eq. 3.7 corresponds to ht 1t1 (ht 2t2 ), and sin 2θt = 2m t X t /(M 2
), where Mt 1 < Mt 2 . The top-squark contribution to the h → gg amplitude behaves as g ht iti /M 2 t i for large top squark mass, where
suppression is due to the loop integral. This suppression can be partially compensated by a large ht iti coupling. In the decoupling limit [where cos(β − α) ≃ 0], it follows that µ sin α + A t cos α = sin βX t .
Thus if X t is large, the third term in Eq. 3.7 gives a contribution to the h → gg amplitude proportional to
. Note that if |X t | ∼ Mt i and the diagonal elements of the top squark squaredmass matrix are of the same order, then | sin 2θt| ≃ 1 and this contribution to the amplitude decouples like m t /Mt i , i.e., suppressed by one power of Mt i . This should be contrasted with the case of small topsquark mixing angle (i.e., | sin 2θt| ≪ 1), which arises when m t X t is small compared to the difference of the diagonal entries of the squark squared-mass matrix. In this case, the dominant contribution to the 16 In principle, deviations can arise from radiative corrections due to loops of SUSY particles, but these corrections will be a small fraction of the corresponding SM tree-level Higgs coupling. 17 Explicitly, gD ≡ gmZ(1 ∓ ( 8 3 sin 2 θW − 1) cos 2θt) sin(α + β)/4 cos θW . This term is independent of mt and gives rise to a small coupling of h to all squark species, independent of the corresponding quark Yukawa coupling, so that the squarks of the first two generations also contribute to h → gg. Thus, in our numerical calculations we must specify the masses of the squarks of the first two generations; we set MQ = MŨ = MD = 1 TeV in all cases, as mentioned before. With this choice, the contributions of the first two generations of squarks are negligible.
ht iti couplings comes from the second term in Eq. 3.7, and the top squark loop contribution to the h → gg
. This behavior of the top squark contribution with X t explains the behavior of Γ(g) in the no-mixing and maximal-mixing scenarios (the top panels of Fig. 4) . At low m A , the hbb coupling is enhanced over its SM value so that Γ(g) is suppressed due to the destructive interference between the bottom quark and top quark loops. In the no-mixing scenario, the top squark contribution enters with the same sign as the dominant top quark loop; as m A increases, the b quark contribution approaches its SM value and the top squark contribution then leads to a small enhancement of Γ(g) at large m A . Thus in the no-mixing scenario (the top left panel of Fig. 4 ) we see that Γ MSSM (g) − Γ SM (g) passes through zero for m A ∼ 0.6 -1 TeV and reaches an asymptotic value of 1-2% in the large m A limit.
In the maximal-mixing scenario, the top squark loop contribution is enhanced by the large value of X t and enters with the opposite sign as the dominant top quark loop; thus it leads to a further suppression of Γ(g) in addition to the suppression due to the enhanced hbb coupling at low m A . As m A increases, then, the b quark contribution approaches its SM value and δΓ(g) reaches an asymptotic value of about 6% in the large m A limit, without Γ MSSM (g) − Γ SM (g) passing through zero at any value of m A .
In the large µ and A t scenarios, the behavior of Γ(g) is more complicated. At low tan β, the behavior of δΓ(g) is dominated by the decoupling behavior of the htt coupling (see Fig. 2 
Anticipated experimental uncertainties in Higgs branching ratios and couplings
We expect quite sensitive measurements at the LC of both the Higgs production cross sections and the √ s = 500 GeV) (second row); and Ref. [13] (1 ab −1 at √ s = 500 GeV, scaled to 500 fb −1 ) (third row).
The theoretical uncertainty of the predicted Standard Model branching ratios is given in the fourth row (see Sec. 4.2).
(i.e., about 1 ab −1 ) would be needed at 500 GeV to obtain the same statistical precision on Higgs BRs.
To estimate the precision on Higgs BRs that can be obtained with 500 fb −1 at √ s = 500 GeV, the results for √ s = 350 GeV shown on the first line of Table 2 should be reduced by a factor of 1.5 (corresponding to the square root of the ratio of the corresponding Zh cross sections for m h = 120 GeV). 18 The second row of Table 2 shows the results of a similar study [12] for the branching ratios of a 120 GeV SM-like
Higgs boson with 500 fb −1 at √ s = 500 GeV. 19 Finally, we consider the results of a dedicated study of the BR(γ) measurement [13] for √ s = 350 and 500 GeV, both without and with beam polarization (80% left-handed electron polarization and 40 or 60% right-handed positron polarization) chosen to enhance the Higgsstrahlung and W W fusion cross sections. At √ s = 500 GeV and the highest polarizations, a measurement of BR(γ) with an experimental uncertainty of 9.6% is possible with 1 ab −1 . Scaling this to 500 fb −1 to compare with the other studies yields a precision of about 14%, as shown in the third row of Table 2 . Without beam polarization, this deteriorates to 16% (23%) with 1 ab −1 (500 fb −1 ).
The δΓ(γ) deviations shown in Fig. 5 are typically too small to be observed at an e + e − linear collider.
However, the operation of the LC as a photon-photon collider offers the possibility of a direct measurement of Γ(γ) from the s-channel Higgs production cross section σ(γγ → h). Estimates for the precision obtainable on σ(γγ → h) × BR(h → bb) range from 2-10% for a light Higgs boson with mass between 120 and 160
GeV 20 from a γγ collider running at √ s ee ≃ m h /0.8 (giving peak γγ luminosity at the Higgs mass) and an integrated luminosity corresponding to 400 fb −1 of e − e − luminosity [57] . Combining a 2% measurement of σ(γγ → h) × BR(h → bb) at a γγ collider for a 120 GeV Higgs boson with a 3% measurement of 18 This scaling is only approximate since it does not take into account the Higgs production by vector boson fusion employed in the analysis of Ref. [7] . 19 Note the very different predictions in Table 2 for the precisions of BR(c) and BR(g), which depend on very good charm and light quark separation. The authors of Refs. [7] and [12] are working together to resolve these discrepancies [56] . 20 The variation in precision is due to the decline of BR(h → bb) as m h increases. 
.2).
BR(h → bb) at the e + e − LC, we find that Γ(γ) could be extracted with an uncertainty of about 3.6%. As Fig. 5 shows, such a measurement would not exhibit a significant deviation from the SM prediction in our benchmark scenarios unless m A < ∼ 200 GeV or tan β is very small; however, a more detailed analysis of the MSSM parameter space should be performed in light of this expected precision.
From the measurement of g 2 hW W based on the production cross section, the partial width Γ(W ) can be calculated and combined with the measurement of BR(W ) to determine the total Higgs width Γ tot .
The expected resolution on g 2 hZZ of about 3% yields a measurement of the total width to roughly 6% accuracy [7, 55] . This method for extracting the total Higgs width is more accurate than using the photon collider mode. 21 However, the photon collider mode is still quite useful for the high precision measurement that it provides of the partial width Γ(γ). In other models, such as the (non-SUSY) two Higgs doublet model, this measurement can be essential for distinguishing the extended model from the SM in some regions of parameter space [58] .
Combining the measurements of Higgs boson BRs and production cross sections that can be obtained at the LC, the Higgs couplings to SM particles can be extracted [55] . The results of a χ 2 minimization using HFitter [7, 59] are summarized in Table 3 . The first six couplings listed in Table 3 are extracted from h BRs into bb, W W * , cc, τ τ and gg and the production cross sections in the Higgsstrahlung and W W fusion modes, assuming 500 fb −1 at √ s = 500 GeV [the first five of these are given in Ref.
[55]]. The htt coupling can be measured indirectly from the LC measurements of h → gg and h → γγ if one assumes that SUSY loop contributions are negligible; however, this is a model-dependent assumption that we wish to avoid. A direct measurement of g 2 htt can be obtained from the e + e − → tth cross section [55, 60] . Such a measurement requires running at higher √ s = 800 -1000 GeV in order to avoid kinematic suppression of 21 As noted earlier, Γ(γ) can be measured to about 3-4% accuracy in γγ collisions. The total Higgs width is then extracted by combining this measurement with BR(γ). Using the range of uncertainties in BR(γ) given in Table 2 , we see that the uncertainty in the total Higgs width extracted by this method is dominated by the large uncertainty in BR(γ). This can be improved somewhat by combining the LC measurements and the LHC data on Γ(τ )/Γ(γ) (see Table 4 ), as discussed at the end of Sec. 4.5. Even in this case, the uncertainty in BR(γ) still dominates the total Higgs width as extracted from the γγ collider measurements.
the cross section; the result in Table 3 assumes 1000 fb −1 at √ s = 800 GeV. 22 The studies summarized in Tables 2 and 3 were conducted for the SM Higgs boson of mass 120 GeV, and thus are directly applicable to the study of a SM-like Higgs boson of the MSSM with a mass near 120 GeV, especially near the decoupling limit. In our benchmark scenarios, the value of m h varies between 118 and 129 GeV. We shall assume that the mass dependence of the results quoted in Tables 2 and 3 is minimal in this mass range, but this assumption should be tested with detailed simulations.
Theoretical uncertainties in Higgs branching ratios and couplings
In order to gauge the significance of an observed deviation of Higgs boson properties at the LC from the Standard Model expectation, one must take into account both the experimental uncertainties (statistical , we obtain the theoretical fractional uncertainties for the Higgs branching ratios quoted in Table 2 . For the Higgs squared-couplings listed in Table 3 , the only significant theoretical uncertainties reside in g 2 hbb and g 2 hcc , due to the uncertainties in the b and c quark masses and in α s (which governs the running of the quark masses from the quark mass to the Higgs mass). The resulting theoretical uncertainties for g 2 hbb and g 2 hcc (for a SM Higgs boson of mass 120 GeV) are 3.5% and 24%, respectively. In addition, we find a theoretical uncertainty in g 2 hgg of 3.9% due to the uncertainty in α s .
For a SM Higgs boson with m h = 120 GeV, about 2/3 of the width is due to h → bb. The theoretical fractional uncertainties for the Higgs branching ratios to W W * , τ + τ − and γγ listed in Table 2 are due primarily to the fractional uncertainty of the total width, which for a SM Higgs boson with m h = 120 GeV is mainly governed by the corresponding uncertainty in the h → bb width. 24 The large uncertainty in the h → cc decay rate, arising from the relatively large uncertainty in the charmed quark mass, limits the usefulness of charm quark branching ratio and coupling measurements. Further improvements in theory 22 The experimental uncertainty in g 2 htt can be reduced by combining the e + e − → tth cross section measurement with the measurements of h → gg and h → γγ if one assumes that SUSY loop contributions to the latter are negligible; the resulting uncertainty in g 2 htt is 6.0% [55] . 23 The observed uncertainty in mt has only a small effect on the predictions for the h → gg and h → γγ decay rates. This is not surprising given that the top quark mass is the most accurately known of all the quark masses! 24 For larger values of the Higgs mass, the h → bb branching ratio is smaller and the uncertainty in the total width, which is now dominated by h → W W ( * ) , is correspondingly reduced.
and lattice computational techniques [65] may ameliorate the situation.
Finally, a scan of the tt threshold at the LC will yield a value of m t with an uncertainty of about 100 MeV [66] . Thus, the theoretical error expected for the Standard Model Higgs coupling to tt due to the top-quark mass uncertainty will be negligible. The remaining uncertainty in g 2 htt is due to uncalculated higher order QCD corrections to the e + e − → tth cross section. We estimate this uncertainty to be about 2.5% based on the renormalization scale dependence in the NLO QCD result for m h = 120 GeV and √ s = 1 TeV [67] .
Branching ratio analysis
A number of the Higgs BRs can be measured to higher accuracy than the total Higgs width. Thus BR measurements alone are valuable for distinguishing the SM Higgs boson from a MSSM Higgs boson. To illustrate the potential of the LC, contours of δBR (Eq. 3.1) are shown in Fig. 6 over the m A -tan β plane for the benchmark scenarios. Contours of δBR(b) = 3 and 6% and δBR(W ), δBR(g) = 8 and 16% were chosen, corresponding roughly to one and two times the expected experimental uncertainties quoted in Table 2 , or approximately one and two sigma deviations from the SM. 25 As shown in Table 2 , the theoretical uncertainties in these three BRs for the SM Higgs boson are smaller than the expected experimental uncertainties.
In the four panels of Fig. 6 , the solid, long-dashed, and short-dashed lines are contours of δBR(b), δBR(W ) and δBR(g), respectively. Although δΓ(b) is quite large over much of the parameter space, δBR(b) is smaller because the increase in Γ(b) also significantly increases Γ tot . Because δΓ(W ) quickly approaches zero for increasing m A , δBR(W ) indicates variation in the total Higgs width, and is more sensitive than δBR(b), except for the case of maximal mixing. In regions of parameter space where δΓ(g) approaches zero (see Fig. 4 ), δBR(g), like δBR(W ), is sensitive to variations in the total width.
For the maximal-mixing scenario, the mass of the SM-like Higgs boson near the decoupling limit is roughly 10 GeV heavier than in the other benchmarks (see Table 1 ), so that the relative contribution of Γ(b) to Γ tot is decreased. Therefore, deviations in g hbb are not as diluted in the BR measurement as in the other scenarios, and the measurement of δBR(b) yields superior sensitivity at large tan β, around m A < ∼ 600-700 GeV at 2σ. One should interpret this result with caution, however, since the accuracies for BR measurements are based on the simulation of a 120 GeV SM Higgs boson. In the maximal-mixing scenario, BR(g) deviates by more than 8% from its SM value for m A < ∼ 1.4 TeV. At 2σ the reach in δBR(g) is roughly m A < ∼ 600 GeV. In the no-mixing scenario, δBR(g) and δBR(W ) give comparable reach in m A ; at 2σ the reach is m A < ∼ 425 GeV. For comparison, in the no-mixing scenario deviations in BR(b) yield sensitivity at 2σ for m A < ∼ 300 GeV for tan β > ∼ 5. . 26 For such large values of tan β, the heavy MSSM Higgs bosons would be discovered at the LHC even for m A above 500 GeV [3] . Note also that for large µ and A t and large tan β, the correction ∆ b is quite large, and modifies the b quark Yukawa coupling from its SM value. The effect of ∆ b on the couplings of the heavy MSSM Higgs bosons does not decouple for m A ≫ m Z (i.e., for tan α tan β = −1).
Thus ∆ b could have a significant effect on the discovery of the heavy Higgs bosons at the Tevatron and LHC in this region of parameter space by modifying their production cross sections and decay branching ratios. In particular, the value of tan β extracted from the A and H production rates at the LHC [3] could not be unambiguously determined without knowledge of the value of ∆ b . LC data would then be of great value for disentangling the ∆ b dependence (see Sec. 5) so that the value of tan β extracted from heavy Higgs boson measurements can be compared to the value obtained from other sectors of the theory.
Clearly, from Fig. 6 , the regions of the m A -tan β plane in which the MSSM and SM Higgs bosons can be distinguished from one another depend strongly on the supersymmetric parameters, and the sensitivity comes from different measurements for different sets of MSSM parameters. In isolation, measurements of one or two sigma deviations in individual BRs would not be a significant probe of the MSSM. In combination, however, the measurements are much more powerful, as indicated by the χ 2 analysis presented in the next section.
χ 2 analysis of couplings
In order to make a quantitative assessment of the ability of the LC to discriminate between the SM-like
Higgs boson of the MSSM and the SM Higgs boson, we combine several observations and compute the compatibility with the SM using a χ 2 test. In particular,
, where i is a decay product and X is a BR, Γ, a Higgs squared-coupling or a ratio of these quantities. The σ i values include the experimental resolution and any theoretical uncertainty on the quantity X i . Motivated by the HFitter results [55], we choose the X i to be the squared couplings of Higgs bosons to various final states. The significance of a particular value for χ 2 depends on the number of observables that have been combined. Our results indicate that the addition of several variables does not necessarily improve the significance. For example, the hγγ coupling is not measured very well, and the relative theoretical error in the predicted hcc coupling is too large. Moreover, the hW W and hcc couplings quickly approach their SM values for increasing m A . Thus measurements of these three couplings do not add to the significance of our results. Therefore, we compute the χ 2 combining bb, τ + τ − and gg squared-coupling measurements, adding in quadrature the experimental and theoretical uncertainties in each squared-coupling [see Table 3 ].
The χ 2 results are shown in Fig. 7 for the benchmark scenarios with contours corresponding to 
Complementarity to hadron collider measurements
Measurements of Higgs boson properties will be available from the Tevatron and the LHC. This data will most likely be available before the LC is operational. Based on our current understanding of the MSSM Higgs boson properties and experimental capabilities, these hadron colliders will observe a light, SM-like Higgs boson and, perhaps, other non-SM-like Higgs bosons if their couplings to heavy flavor are enhanced over the SM (e.g., H and A will be observed in bbH/A if tan β is sufficiently large [2, 3] ).
If a light, SM-like Higgs boson is discovered, various combinations of production cross sections times branching ratios will be measured at the LHC to about 10-20% [68] assuming an integrated luminosity of 100 fb −1 at each of the two detectors. The uncertainties on most of these measurements are dominated by statistical error. From these measurements, various ratios of the partial widths of a 120 GeV SM-like Higgs boson to ZZ * , W W * , γγ, τ + τ − , and gg can be extracted with uncertainties between 15 and 30%. Expected uncertainties from Ref. [68] are summarized in Table 4 , 27 along with the corresponding uncertainties from LC measurements with 500 fb −1 at √ s = 350 GeV [7] and from HFitter [7, 59] at the LC with 500 fb −1 at √ s = 500 GeV.
Assuming that the hW W and hZZ couplings are related by the usual SU(2) relation, that Γ(b) is related to Γ(τ ) by the SM relation, and that only the decay modes bb, ZZ * , W W * , γγ, τ + τ − , and gg are needed to estimate the total Higgs width, then Γ(W ) and Γ tot can also be extracted from LHC measurements 27 The decay modes to γγ, ZZ * and W W * were considered for inclusive Higgs production (dominated by gluon fusion) and the decay modes γγ, τ + τ − and W W * were considered for Higgs production through vector boson fusion. Table 4 : Expected uncertainties for the ratios of partial widths of a 120 GeV SM-like Higgs boson from the LHC [68] (100 fb −1 at each of the two detectors), the e + e − LC [7] (ratios of BRs; 500 fb −1 at √ s = 350
GeV), and the e + e − LC using HFitter [7, 55, 59 ] (500 fb −1 at √ s = 500 GeV).
with uncertainties of 10 and 20%, respectively [68] . (The second assumption is violated by the ∆ b Yukawa vertex corrections; this affects the determination of both Γ(W ) and Γ tot .) The branching ratio for the decay to bb is more difficult to measure at the LHC due to QCD backgrounds. Γ(b) can be extracted to about 50% from vector boson fusion W hjj events [69] .
From Table 4 , it is clear that LC measurements would give a significant improvement over the hadron collider measurements. The LC also offers the advantage of model-independent measurements of the Higgs boson branching ratios, even if invisible Higgs boson decays are present, and a model-independent determination of the Higgs total width. Generally speaking, except for the rare γγ decay, the LC has measurement uncertainties that are smaller by at least a factor of 2 compared to the LHC. The precision of bb measurements are improved by an order of magnitude at the LC.
Some information may also be available from the hadron colliders regarding m A or m H ± and tan β [5] .
For example, if the SUSY spectrum is such that ∆ b and ∆ τ are negligible, then tan β can be measured at the LHC from bbH/A, H/A → τ + τ − event rates with a 5-25% statistical uncertainty and about a 10% luminosity uncertainty [3, 70] . However, as indicated earlier, the extraction of tan β from LHC Higgs boson measurements will require knowledge of ∆ b and ∆ τ . Moreover, several interpretations of high-mass excesses of τ 's may exist, especially within the MSSM at large tan β. As we have discussed already, in most regions of parameter space the LC can provide an indirect measurement of m A for values of m A significantly beyond the e + e − → AH kinematic limit.
From Tables 2 and 4 , we see that the combination of LHC and LC measurements will significantly improve our knowledge of BR(γ) in the absence of a γγ collider. In particular, the ratio of Higgs partial widths Γ(τ )/Γ(γ) can be determined to 15% accuracy using ratios of production cross sections times branching ratios in Higgs production through vector boson fusion. Combining this with the LC measurement of BR(τ ) to 5-8%, we find that BR(γ) can be extracted with a precision of 16-17%. If the BR(γ) measurement at the LC of 14-19% is combined with this BR(γ) extraction from LHC data, a "world average" precision of 11-13% can be obtained.
Extracting SUSY parameters: ∆ b
In this section we examine the possibility of extracting MSSM parameters from measurements of the properties of the SM-like Higgs boson. We concentrate on the SUSY vertex corrections to the hbb coupling, ∆ b (see Sec. 2). As noted in Sec. 4.3, when ∆ b is large it can have a significant effect on the phenomenology of the heavy MSSM Higgs bosons. In particular, at large tan β, knowledge of ∆ b will be needed to extract the value of tan β from measurements of the A and H production rates at the LHC [3] . Because ∆ b depends on a combination of MSSM parameters (Eq. 2.10), a measurement of this quantity provides a constraint on MSSM parameter space. However, additional information is needed to fully disentangle these parameters;
e.g., the gluino and bottom squark masses can be obtained from measurements at hadron colliders. To extract ∆ b directly from the data in the large tan β regime, we shall consider the following ratio of Higgs quark mass is not significantly reduced by the time that LC data is available, then the resulting theoretical uncertainty inĝ hcc would dominate the uncertainty in the value of ∆ b extracted from Eq. 5.1. In contrast, the theoretical uncertainty in the htt coupling is very small due to the precision in the top quark mass measurement. As discussed in Sec. 4.1, the coupling g htt can be measured directly from the e + e − → tth cross section; however, this requires LC running at a higher energy, e.g., √ s = 800 GeV.
The LC measurements of h decay properties are sensitive to the squares of the Higgs couplings g 2 hf f
through the h partial widths; therefore the signs of the normalized couplingsĝ hf f in Eq. 5.1 are not measured directly in the corresponding BRs. This leads to a potential four-fold ambiguity in the extraction of |∆ b |. However, LC measurements of h → gg and h → γγ are sensitive to the relative signs of the Higgs couplings to the particles running in the loops; for example, flipping the sign of g htt while leaving that of g hW W fixed leads to a large deviation in the hγγ coupling from its SM value, while the hgg coupling is sensitive to the relative sign of g htt and g hbb (assuming that SUSY loops are not important). Near the decoupling limit, the radiative corrections to the CP-even Higgs mixing angle α are not so large as to change the sign of tan α from its tree-level negative value, and |∆ τ | < |∆ b | < 1. In this case the signs of g hf f are the same as in the SM, so all theĝ hf f in Eq. 5.1 are positive. 
The extraction of the normalized couplingsĝ Hf f follows the same procedure as outlined above.
The upper two panels of Fig. 8 show the fractional error in the determination of ∆ b from measurements of the Higgs couplings to bb, τ + τ − and tt, for the benchmark large µ and A t scenario (see Table 1 ), in which ∆ b is quite sizable. The error in ∆ b is calculated using the fractional uncertainties in the Higgs couplings given in Table 3 . In the two upper panels of 
Thus a value of ∆ b can be extracted by takingĝ hcc =ĝ htt = 1 in Eq. 5.1. To the extent that this is a good approximation, there is no sensitivity in the value of ∆ b to the theoretical uncertainty in the charm or top quark Yukawa couplings. Likewise, for m A < ∼ m max h and tan β ≫ 1, sin(β − α) is close to zero so that The decoupling behavior of the h partial widths at large m A and moderate to large tan β is summarized qualitatively as follows:
Moreover, there is a contribution to δΓ(b) proportional to ∆ b [see Eq. 3.6], which is enhanced at large tan β and can further slow the approach to decoupling. Thus we expect that Γ(W ) will decouple very quickly with increasing m A (so that δBR(W ) ≃ δΓ tot over most of the parameter space), Γ(c) will decouple more slowly at low tan β but quickly at large tan β, and Γ(b) and Γ(τ ) will decouple quite slowly, at all values of tan β. This expected behavior is borne out in the no-mixing and maximal-mixing scenarios. In the large µ and A t scenarios the decoupling behavior of these partial widths is more complicated, because the radiative corrections to the CP-even Higgs mixing angle α are quite significant in some regions of the m A -tan β plane. For some (large) values of tan β, cos(β − α) is driven to zero by the radiative corrections to α, leading to "m A -independent decoupling". In particular, Γ(b) and Γ(τ ) attain their SM values at much lower values of m A than would be expected from the tree-level decoupling behavior.
The m A -independent decoupling is not an exclusive feature of the specific large values of µ and A t chosen in our benchmark scenarios. Additional sets of MSSM parameters that exhibit m A -independent decoupling can be found by scaling µ, A t , Mg and M S by a common factor; in this case the value of tan β at which the m A -independent decoupling occurs varies primarily due to the log(M 2 S /m 2 t ) dependence of δM 2 ij [see Eq. 2.4]. In particular, we have found sets of MSSM parameters with relatively small M S that exhibit m A -independent decoupling even for tan β less than 10, within the parameter region in which the heavy MSSM Higgs bosons would be missed at the LHC. In this case, due to the relatively low value of M S , deviations from the SM Higgs couplings may be observable in h → gg or h → γγ due to top-squark and bottom-squark loop contributions.
In the case of the loop-induced Higgs couplings to gluon or photon pairs, deviations from the SM widths can occur due to SUSY loop contributions even in the limit of very large m A . These SUSY loops decouple at large SUSY particle masses, but the decoupling can occur more slowly if X t is large (as in the maximal-mixing scenario), resulting in several percent deviations of Γ(g) from its SM value even for TeV mass squarks.
Because Γ(b) dominates the total width of a 120 GeV SM-like Higgs boson over most of the MSSM parameter space, a change in Γ(b) causes a corresponding change in Γ tot , so that the resulting change in BR(b) is relatively small. In contrast, branching ratios for rarer Higgs decays such as BR(W ) and BR(g) are sensitive both to changes in Γ(W ) and Γ(g), respectively, and to changes in Γ tot . Thus, although BR(b) will be the best-measured BR and that Γ(b) typically deviates significantly from its SM value, BR(W ) and BR(g) will in general be more sensitive to deviations from the SM than BR(b), making their high-precision measurements a priority.
To demonstrate how LC measurements of Higgs properties can be used to distinguish a SM-like MSSM Higgs boson from the SM Higgs boson, we studied the expected uncertainties in the branching ratios of a 120 GeV SM Higgs boson to bb, W W * and gg, and performed a χ 2 analysis using the anticipated uncertainties in the squared couplings of the SM Higgs boson to bb, τ + τ − and gg. In particular, we draw the following conclusions for our three benchmark scenarios from the χ 2 analysis (a somewhat lower reach in m A is obtained using the analysis of individual BR measurements):
• In the no-mixing and maximal-mixing scenarios, the MSSM Higgs boson can be distinguished from the SM Higgs boson at the 95% confidence level for m A < ∼ 600 and 650 GeV, respectively, for tan β > ∼ 5. These limits become slightly lower for values of tan β < ∼ 5.
• In the large µ and A t scenario, there are regions of parameter space at large tan β in which the 
